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In this dissertation, we study some stationary and dynamical inverse problems. More precisely, in
the first part, we mainly focus on the inverse scattering of obliquely incident time-harmonic
electromagnetic waves by an impedance cylinder. For this purpose, we shall start with the
corresponding forward scattering problem. Then, in the second part, we are concerned with the
so-called thermography which is modeled by an inverse boundary value problem for the heat equation.
The outline of dissertation is as follows:

In Chapter 1, we give an introduction on (forward and inverse) scattering problem and
thermography with detailed mathematical descriptions. We will also review some well-known results
related to our works presented in the following chapters. Then we propose our studied problems and
state the results.

In Chapter 2, we consider the scattering of obliquely incident time-harmonic electromagnetic
waves by an impedance cylinder which is embedded in an inhomogeneous medium. We assume that
the cylinder and the medium are uniform along the x; axis of cylinder. Also, the inhomogeneity of
the medium with respect to (xl,xz) is confined to a large enough bounded set in the
(x,,x,) -space. Since the x, components and x, components of electric field and magnetic field can
be expressed in terms of their x; components, we can derive from Maxwell's equations and
Leontovich impedance boundary condition that our scattering problem is modeled as a boundary value
problem for a second-order elliptic system with oblique boundary condition. Using Rellich's lemma,
the uniqueness of solutions to the boundary value problem is justified. To show the existence of its
solution, the Lax-Phillips method is used. The key point for that is to prove the solvability of the
associated oblique derivative problem in a bounded domain consisting of two boundaries which are the
boundary of the cross-section of the cylinder with coupled oblique boundary condition and that of a
domain containing this cross-section with Dirichlet boundary condition.

In Chapter 3, we study a special case of the above scattering problem, that is, the background
medium exterior to the cylinder is homogeneous. In this setting, the scattering problem is govemed by
a system of two Helmholtz equations with coupled oblique boundary conditions. Using the boundary
integral equation method, we show that the scattering problem is uniquely solvable. Indeed, by
expressing the scattered fields in the form of single-layer potentials, our oblique scattering problem is
reformulated as a system of two integral equations. But it is not a usual Fredholm system of the second
kind as that in the case of normal incidence, since the system involves the tangential derivatives of the
single-layer potential. By relating it to the Cauchy integral operator, we show that this system of
integral operators is of Fredholm type with index 0. Therefore, the solvability of the integral system
follows from the uniqueness of its solutions due to the Fredholm theory. A numerical scheme for
solving the integral equations is also presented with some numerics. The numerical results illustrate the
validity and efficiency of the proposed method.

In Chapter 4, we investigate an inverse scattering problem for obliquely incident electromagnetic
waves, where we assume that the host medium is homogeneous. More precisely, we are concerned with
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the inverse problem of uniquely identifying the cross-section of an unknown cylinder and the
impedance function from the far-field pattems at fixed frequency and a range of incident angles. A
uniqueness result for such an inverse scattering problem is established. Qur method is based on the
analyticity of solution to the direct scattering problem, which is justified by using the Lax-Phillips
method together with the perturbation theory of Fredholm operators.

In Chapter 5, we are concerned with an inverse problem of identifying the unknown cylinder from
the far-field measurements of polarized electromagnetic plane waves. By using the generalized mixed
reciprocity principle combined with the singularity analysis of the so-called reflected solutions for
point sources, we show that the cross-section of the cylinder can be uniquely determined from the
far-field patterns of only the electric or magnetic field, through the use of special polarized incident
plane waves. We emphasize that our result would be helpful in practical situations where only one type
of measurements is available. Moreover, our argument is reconstructive and it can be directly used to
establish a reconstruction scheme. In faet, the singular behavior of the reflected solutions for point
sources enables us to reconstruct the shape of the cross-section numerically. To recover the impedance,
we need to use a more singular source.

In Chapter 6, we consider an inverse problem of identifying the unknown cavities in a heat
conductor, which typically models the thermography. Taking the Neumann-to-Dirichlet map as
measured data, we develop a linear sampling type method for the heat equation. A new feature is that
there is a freedom to choose the time variable, which suggests that we have more data than the linear
sampling methods for the inverse boundary value problem associated with electrical impedance
tomography and inverse scattering problem with near-field data.
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