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In this thesis, clustering and latent semantic indexing (LSI) aspects of the nonnegative matrix factoriza-
tions (NMFs), techniques that factorize a nonnegative matrix into a pair of other nonnegative matrices,
will be studied. The standard method for clustering is the spectral clustering. And the method as-
sociated with LSI is the singular value decomposition (SVD). However, as real datasets usually are
nonnegative, the mixed signs entries produced by the spectral methods and the SVD are unintuitive.
Hence, it is natural to utilize the NMFs which produce nonnegative factors that can offer more inter-
pretable results. |

Clustering aspect of the NMF even though numerically well studied, it is not theoretically well ex-
plained. So far the best approaches to explain this aspect are either by showing the equivalence of
the NMF objective to the k-means clustering objective, or by applying zero gradient conditions to
the NMF objective to show its equivalence to graph clustering objective, i.e., ratio association. The
problem with the first approach is there is no obvious way to incorporate the nonnegativity constraints
into the k-means objective. And the problem with the second approach is it discards the nonnegativity
constraints, thus is equivalent to finding stationary points on the unbounded feasible region. In the first
part this thesis, we will provide a theoretical support for clustering aspect of the NMF by analyzing
the objective at the stationary points on the feasible region without any assumption. We will show that
at these stationary points, the NMF objective is equivalent to the relaxed ratio association objective,
therefore clustering aspect of the NMF has a solid justification. Moreover, the capability and limita-
tion of the NMF as a clustering method, which implied by the theoretical result, will be also studied
subsequently.

To the best to our knowledge, there is still no work that study LSI aspect of the NMF. Previous studies
indirectly imply the possibility of using the NMF as a L.SI method, but no standard metric has been
used to measure its LSI capability. Instead the studies show exactly co-clustering capability of the
NMFE. In the second part of this thesis, we will provide such study by comparing performances of the
NMF and the SVD in some standard datasets.

Convergence gua:antee‘is an important issue in NMF algorithms as the most popular NMF algorithm
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due to Lee and Seung which is based on the multiplicative update rules only guarantees the non-
increasing of the update sequences. Some researchers propose other algorithms that both converge
and are faster. But due to the complexity of the algorithms, it is not clear how to incorporate aux-
iliary constraints like qrthogonality constraints, locality constraints, and smoothness constraints into
the algorithms. In the third part of this thesis, we develop orthogonal NMF algorithms with rigorous
convergence proofs. We choose orthogonal NMFs because they tend to have better clustering capa-

bility than the standard NMF objective. The convergence proofs presented in this thesis is not trivial

since they are developed in matrix form, and thus providing a framework for developing converged

algorithms for other NMF objectives that have matrix based auxiliary constraints.

Also, in the process of developing the proofs, the objectives need to be decomposed into the Taylor

series. When the objectives have only up to second order derivatives, the nonincreasing properties

can be proven by showing the positive-definiteness of the Hessians of the objectives. But in general

cases, the objectives can have more than second order derivatives. And in particular, the orthogonality

constraints make the objectives have more than second order derivatives. Thus, we introduce a strategy

to deal with this kind of objectives. Note that the proofs presented here are sufficiently general to be

a framework for developing converged algorithms for other NMF objectives with well-defined partial

derivatives up to second order.

Overall speaking, we provide a theoretical support for clustering aspect of the NMF by analyzing the

objective at the stationary points on the feasible region, study LSI aspect of the NMF, and propose
converged algorithms for orthogonal NMFs which tend to have better clustering capability than the

standard NMF.

The thesis is organized into following chapters:

Chapter 1 is the introduction that gives brief review on clustering and L.SI terms, followed by motiva-

tions and background of the researches.

In Chapter 2, a concise explanation on the logic behind the SVD as a clustering method will be dis-

cussed. The numerical evaluation on clustering aspect of the SVD will be provided by using synthetic

datasets to show its capability in clustering linearly inseparable datasets, and Reuters-21578 text cor-

pus to evaluate its performances in some standard clustering metrics. LSI aspect of the SVD will

demonstrated by using synthetic datasets to show its capability and limitation in solving the synonymy

and polysemy problems first, then a more intensive evaluation will be done by using standard datasets

in LSI researches.

Chapter 3 discusses clustering and LSI aspects of the NMF. First a theoretical support for clustering

aspect of the NMF will be given. And its limitation in clustering linearly inseparable data points which

implied by the theoretical work will be shown by using synthetic datasets. Then, a comprehensive
evaluation will be given by using Reuters-21578 text corpus. The LSI aspect of the NMF will also be
studied, and the results will be compared to the results of the SVD.

Chapter 4 presents converged algorithms for orthogonal NMFs with rigorous convergence proofs. The
numerical results that show the stability of the algorithms in guaranteeing the convergences will also
be given, and the clustering capability of the algorithms will be also be studied subsequently.

Finally the summary and conclusions are given in chapter 5.
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