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Heterogeneity-induced defect bifurcation and pulse
dynamics for a three-component reaction diffusion system
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Spatially localized patterns such as pulses and spots are fundamental objects
arising in many dissipative systems . One of the recent remarkable discoveries is that
there is a class of localized patterns which displays a variety of dynamics such as elastic
ball-like behaviors upon collision, self-replication, self-destruction and spatio-temporal
chaos. This makes a sharp contrast with well-known classical excitable waves as in the
FitzHugh-Nagumo (FHN) equations in which annihilation are typically observed upon
collision. One of the origins of such rich behaviors is that the pulses have potential
. instabilities that display a variety of dynamics when parameters are tuned
appropriately. For instance, saddle-node structure causes self-replication or
self-destruction, and drift bifurcation is responsible for the onset of traveling motion.
Moreover a singularity of codim 2 type, i.e., a system has a parameter where multiple
bifurcations simultaneously occur, is known to be responsible for the variety of outputs
for-scattering process.

Here we study the dynamics of pulses when the media is changed from homogeneous
to heterogeneous, especially focused on the case that one of the kinetic coefficients
changes like Heaviside function but smoothly. Note that the pulses treated here are
asymptotically stable in homogeneous media, however we assume that the associated
parameter values are located close to the singularities such as drift, saddle-node, and
Hopf bifurcations. One of the consequences of this assumption is the enhancement of
sensitivity to the perturbations: for instance, if there is a traveling pulse close to the
drift bifurcation, its profile is almost symmetric and easy to deform from the right-going
pulse to the left-going one by the external perturbations, which actually occurs when
two slowly traveling pulses collide, interact weakly, and bounce off. A similar thing
occurs when the pulse encounters the heterogeneity as will be discussed and much more
exotic dynamics are created than the well-studies case for the FHN equations and the

front case.
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To be specific, we employ the three-component reaction diffusion system as an
representative model and consider the case in which one of the kinetic parameters £,
changes abruptly around a point. Our previous paper discusses a similar problem as
above for the Gray-Scott(GS) model and showed various pulse dynamics including
rebound and splitting depending on the height and slope of the heterogeneity for the
removal rate k. A big difference between the GS model and the three-component
model is the dependency of the background state on the kinetic parameter. Here the
background state is the rest state for mono-stable system after introducing
heterogeneity. For the GS model, background state (1,0) is independent of &,
therefore it remains a common constant state before and after the jump point. On the
other hand, since heterogeneity is introduced in an additive way for three-component
model, there are no such common constant states for our system. Therefore it is not a
priori clear that there exists a smooth stable background state connecting two different
constant states on the whole region called the defect, in fact it is not always the case.
Such defects, if exist, turn out to be coexistent in general for a fixed set of parameters.
We particularly focus on the case that the traveling pulse collides with the small defect
The defect branch consisting of its global continuation with respect to the height of the
jump and k, plays a key role to understand the output when the pulsé hits the
heterogeneity. When the heterogeneity is spatially localized like Gaussian distribution,
heterogeneity-induced stationary and oscillatory patterns were studied in detail by Dr.
Li for the Fitzhugh-Nagumo system and integro-differential equations. They found
several interesting heterogeneity-induced bifurcations including pulse-generator,
however they don't consider how the traveling pulses interact with those structures.
The main theme of this paper is firstly to study existence and stability of defects, and
secondly to investigate the dynamics of traveling pulses of three-component model that
encounter with the defects created by the heterogeneities of jump type. There are five
different outputs depending on the parameters: penetration, rebound, annihilation,
oscillation, and steady state. A remarkable thing is that there are unstable steady states
which act as separators near the boundary of penetration-rebound regions. The role of
them is exactly the same as scattors for the case of head-on collisions of two traveling
pulses discussed by our previous work . Moreover we show that those unstable patterns

can be obtained as a global continuation of defects with respect to the jump size.
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Heterogeneity-induced defect bifurcation and pulse
dynamics for a three-component reaction diffusion system
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BRAKBITZ/8Y - HRITFRM & ZROEEITEVEBROR r—)Vichizb. i
JAT=NVEFHOBEERE THRABBETERINTNS. BRRONY — U EK
DERBIIIRSIEHEFERANUIELITRA WS N, EEINICES THSHE T ZTOHEE
CEBOFRT A v AREMARNI—RETHD., TOLIRRIIBNTOS ETHh S ZEMFE—
FRIZBNSY — W REICHETAHIEEZRRLU/ZON Alan Turing THo7e. L LUHE
BNER2IZEM—KRTHEZLIIBBLETHD. ERBORIIBVWTIIMNERE—ENE
WEETS. TOEIRRE-ERNY - F1FI VAT EDL DI REEEEZ DN
DNWTIREFOERKLERIZIH B, BEAERBHETHS., L0DITEOX D 2FRE—
HIEEICT 4 727 bE2ELCRZREDVWTOMRZINEThh o7z, FHEIL, 2
1 REDBBCBNTRE—ENT v > T8, TbbbH5 | AORETHENKEE D
B, WORNVEITT 4 72 h2EITDZH[WCDONVT, EFER/NADITAF IV A%
X, ENEZREH L TV AHEENEEZ KESBEONBENSHOPII LD THS. £
TNRIIAABEREEENCERT 2 SBERIGERFEAREZEAT 2. ZOETIVR
TIEAE—EVINENICEAIND 2D, T4 727 bEXIEN S ERFE—KREEHINH
Bi5, o THROIMBIIETSNINVAET 4 72 FEDOEHRBBEZEZ S Z EICEM &
2%, ZORMINETISHEEINTE Gray-Scott ETINERES RRBZ2ATH 5.
EEDOBREDS ERERET/IWANEETHNTA—FEBRICBNWTREERZTR
W2y TORBEIBIVEERADOMEEZEMIEEZLICR DNV AOERS BT ESE
BIZ5 DD FAIZAMNDIEEZRHSMILE. DOy o 7TOB I OMIMENIE N & E1T,
ETNINARD Y > TE2ROBATH#EITT S (Penetration) ZENTES. v 0 TOFK
I OMIMENKEL 2D &, ET/VIVRIIEIHMIE (jump up) DBFEIE. TOKREINE
Z2IZDON. K& (Rebound) . =L T (Annihilation) &72%. mEHYE (jump down)
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ODBEERIRHEHMBZD., KRIZF4 77 MEETIRE (Oscillation) Ki&, ZLTEE
(Stationary) REEANELH#B T2, BREBORGIBIVCEERBIINANT T2 bD &
LAIHFET 2LEMITHE Pinning SNBERTH .
INSDIAFIVARERBTHLET. B2V SADRLEEHM (scattor EIFIEH
B)NEERERERZT I ENFHRTHSNIENZ, T4 720 FOMETHEBM R
HOEEENELL20E. N2 T 2RA[ACHETOIRLEEERVBELEL, TOR
EERBODEL S DY A REMBEINESINIZELD, FEENKENIRED Z EAMIBAL .
BRERTRIIBVWTIRIZIOL D BERBOREERNENT M v I ADOREZRT T
ERE<HENTVEYN, R FERARDOL DI BERERTRIIBNWTIE, 2<HBATR
Ve EHERKBAHBOFEIZELD, FEHILECRBREZTF A7V b FEEEERH. =5
WHEFT /SO ARG A —F ERICBNT, EHL TS I EERENICHAS ML
ZNEIARY—F Y1 F IV ACHEETZIRTOEERBNERERTII RS, BOKEL
TROAENOTWVBEIEERLTHRY, BOTHBICHETARETHS, HLIITHS
NERRIZEAHE, SUFLRERUD LD —RIZERIE-REEBEICHRIERZ D &
2o T3, A

PEXD, FBHINNVAOFREG—HEIZBT 5EHICONT, T4 77 FOFERE. N
WAETF AT FOBRIAFIVA, I TNE2RET RN -ALEEROFEE
oML, FE—REBIIBIAINI - 51 FI IV AOERIIFHFEFTHLEIAKIRS
HONH 5,

Lo TEHIL, bl RFEEL (S OFMEREINIBERHIDOLAD S,
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