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A singular perturbation problem arising
from phase field model
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We study the motion of interface and the process of the formation of the
interface which appear in several fields of science, for example, the surface
of crystal and the interface between two phases, such as gas and liquid.
This study is fundamental to comprehend the various pattern formation
in nature, like crystal growth. The motion and formation of interface are
represented by various kinds of partial differential equations. This thesis
deals with three kinds of problems.

In part I, we study the surface evolution equation which appears in the
crystal growth, especially, curvature equation which has “ anisotropy” for
the direction of the velocity of the evolution of surface. “ Anisotropic” is a
certain generalization of “isotropic” and property which the surface grows
rapidly in some direction and slowly in other direction. It is necessary to
consider this “anisotropy” in the problems of the crystal growth. But
to consider anisotropic curvature flow is more complicated than isotoropic
curvature flow, namely, mean curvature flow.

We consider the case that the surface is represented by the graph to .
overcome the difficulties of “anisotropic”. As our main result, we show the
interior gradient estimate in 1-dimension.

For the proof, we extend the result obtained by S.B. Angenent that “the
number of zeros of the solution of the 1-dimensional heat equation decrease
in time,” to be able to apply to the anisotropic curvature flow equation.

In part I, we use the method that the interface approximate the interface
which has the width and we regard the interface as the limit interface as
its width tend to 0. We use the geometric measure theory to capture the
interfaces.

In chapter 2, we consider the 2-phase field model which is dominated by
the effect of the surface tension. In this problem, we use the Modica-Mortola
energy functional,

2 u
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where 2 C R" is a bounded domain and.W is a standard double-well poten-

tial. The solution u, of the minimization problem of this energy among u,
with a volume constraint satisfies the following Euler-Lagrange equation,
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where f. is Lagrange multiplier associated with the volume constraint of
ue. It is well-kown that the interface of minimizer converge to the minimal
surface and f, converges to a constant mean curvature of the limit interface
as € — 0. We consider not only minimizers but also the solutions of (2).
We prove if the energy E, and £7!||f.||2 are uniformly bounded, then limit
interface is rectifiable and f. converges to the mean curvature of the limit
interface as Radon measure in dimension 2.

In chapter 3, we apply the approach in chapter 2 to the minimization
problem of the Allen-Cahn action. This minimization problem occurs from
the probability of switching interface corresponding to Allen-Cahn equation
with white noise. Although the occurence of this minimization problem is
different from the origins of the phase field model which we considered in
chapter 2, the method is also useful. Lately, R.V.Kohn, M.G.Reznikoff and
Y. Tonegawa gave a complete description of the minimum of the Allen-Cahn
action with a standard double-well potential in the space dimension 1. We
solve the minimization problem of the Allen-Cahn action with a double-well
potential whose depths are different.

Chapter 1 and 2 are joint works with Professor Y.Tonegawa. Author of
this thesis mainly constructed the special solution and maximum principle
in chapter 1. In chapter 2 author mainly constructed monotonicity formula
and partly proved rectifiability of the limit interface.
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A singular perturbation problem arising
from phase field model
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EFHIRSETERT 23RO RN, BT, B oOFRRIC OV TR L. TOMZET—<
3-(1) 757 LU TEHSN DRI SRR FICB 2 A0HE,. (2) MBS ERETS T4 X7
A =)V REICBI SRREEEE. (3) <178y %y RDORA vF UV RERIZ NG U= OS/ ML RS,
D 3 DNTHi=3,

(1) 182 ERERREACATFHRIFIED S 2 B A OHIERFEEE X - bDT, HICHENY 57 & L THEINDE
BEMRELTWS, FERIT. SRR > TR Li=Y S 7 OGRS, TS CB T2 ign /S
7 DFEE ERER LI IDMIC & o TEHIi S 250k, FEERIOARICHKELZ. EWSHOTHD, 3k
RS RERICBNWTIIAROTEIYE S NS & Stk > TERARE b TN CHETE 2%, EAMNOE
BIOAERTHD. IORFIZHHERRIZE L TN TOZRIRIT TR TV, A e ST
DHTOHEDTH D, ‘

(2) T, 2 BHREREEE £ § Girzburg-Landau RID TN FE—%EZ 5, TOHRIZADI ST A Y — ¢ [ IFEESR
DESERTHTHD. &% 0IIBRE B2 EFNITOTRIF—T 2 OBREOMEEEZETHOTH D,
TRV EEENEERIC T — O3 2B SN TV e, — AT =BT TR B/ MET DO T DA
DHRZEZ, KO HVRRRI TR F—BIRD, AYRERTONTOMRITESIUI. 2 NS
KBNWTIHREORBEEICEETHD, /RIS T BRERETH S Allen-Cahn FH1250%° CahnHilliard 572
ROBRIZBNTET —IGROBED TITHBRETH 3. BHIT ISR REESROBERD 2 RENH
725 BN BAE R TH2HE. FEERIEICHREN T ESICIEET 2B 2RISR U, I8 ey
RS & IR TR ERE L2 b DO TH D, BRBEEE THD De Giorgi 7111970 SERITIZR LM
B\DOfRETHD L EEEZXTHBNAERTHD. ZOREOREIIFIZ IS Allen-Cahn HREZOMEH TN
WIORY % &V Imanen DFER (1993 4B) 12 U TR TISES SR 5.2 27- 0l fbh a7 &, IR
HRFFEITN T 2ENERERTHOTH 5. :

BIITATA IO TRy OB A KL BAA VT2 TR BT I D\TEZ SN -RETH 5. (2)
DOREETEZ 53z Ginzburg-Landau BT R ) F—DABIRICEL ) 1 XEANS, THEIc—reEkeErs
WTHO2ELTH /1 AL THI—DOEEREBITEE TS 0 TAVERNH EDTH D, 20D/ X0
BIRICBT R ET 23 IOIAREREE AN SEIMUR D, A RS2 r—) AR SNEDTHEH
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BYEFRABSIIAROA b EREDBEIA S RUIZ DR —IUZ BT 2R EREOSI 0 SVt k> TE
FEBOIRES EWSERENDDTH D, BEHI-DOREHDORT > v ) VENRITEE, (ERNEEOR
IMEBIUBKERBBIRIICOWTHFR L. ZHUIRT > v VEVE L WESO BRI 2> THDE
BEHETHLWRERTH S, ,

PLED L S ICEE ORI BESRIN T U THRERA >N ROHBHOTH S, Lo TEHIMBER
2t (Y OHEEEINIERNHZLDEEDS.
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